We present a three-dimensional framework for the transport of neutral solute through soft biological tissue, such as the articular cartilage, under different mechanical loading conditions. The tissue is modelled as a mixture of three phases, a hyperelastic, anisotropic solid matrix, an incompressible inviscid fluid and a solute. The formulation accounts for the anisotropic interaction between the solid and the interstitial water and incorporates the interaction between the solute and the solid matrix. Under the proper circumstances, our model simplifies to biphasic theory and classical convection diffusion.
Introduction
Articular cartilage is a specialized soft tissue that covers the ends of articulating bones, making smooth relative motion of the load-bearing surfaces of the diarthrodial joint possible. It also aids the joint in absorbing mechanical shock and, while deforming, it distributes joint load more evenly. Cartilage consists mostly of interstitial water and a solid matrix, the latter is composed of collagen fibre and proteoglycan. The water content of the cartilage is in the range of 65%-80% by net weight.
The distribution of collagen fibres and water is stratified from the surface of the cartilage towards the subchondral bone. The fibres are densely packed and are orientated parallel to the surface of the cartilage within the superficial zone; this zone also has lower proteoglycan content and lower permeability to fluid flow than does the middle zone.
There are fewer collagen fibres in the middle zone of the cartilage and these sparser fibres are randomly orientated. The proteoglycan content in the middle zone is relatively large, about 10%-25% by weight. In contrast, in the deep zone the proteoglycan content is lower than in the middle zone and the collagen fibres are orientated perpendicular to the calcified interface. This inhomogeneous and anisotropic structure of the cartilage naturally leads to inhomogeneous and anisotropic transport of the solute. In this paper, however, we do not address inhomogeneity directly.
Leddy and Guilak [2] measured the diffusion coefficient of different size dextrans through the thickness of the cartilage and found it to be site and size specific. For the 3 kDa and the 500 kDa solute, the diffusion coefficients were higher in the surface zone than in the middle and deep zones. In contrast, for the 40 kDa and the 70 kDa solutes the diffusion coefficients were significantly lower in the surface zone than in the middle and deep zones. Leddy and Guilak [3] also noted that diffusion was more rapid in the direction parallel to the collagen fibres than across, and tissue anisotropy had more pronounced effect for the higher molecular weight solute. That is, the ratio D H /D V is much larger for large molecules than for small molecules. Here D H and D V represent one-dimensional diffusion coefficient parallel with and perpendicular to the articulating surface.
In previous studies, Mauck et al. [4] applied incompressible mixture theory to study neutral solute convective transport under dynamic loading, and examined the diffusion phenomena over a range of the governing nondimensional parameters. By using a finite element poroelastic model, Ferguson and co-workers [5] studied convective mass transport of solutes in intervertebral disc under the effect of load-induced interstitial flow. Sengers et al. [6] proposed a finite element approach with a biphasic displacement-velocity-pressure description to study solute transport and biosynthesis in soft tissue under dynamic loading. Dispersion due to a non-uniform velocity distribution was incorporated in the model. In these investigations, the formulation assumed isotropic and homogeneous tissue or tissue engineered constructs and the solute transport was considered isotropic and homogeneous.
In an earlier paper [7] , we investigated the influence that matrix structure, size of diffusing molecules and the type and intensity of mechanical loading have on the transport of neutral solutes in isotropic tissue, and performed computations under negligible solid-solute interaction. This last restriction prevented us from obtaining good agreement with Quinn's experimental data [1] under conditions of dynamic loading. In the present computations, we do include solid-solute interaction and as a result obtain good agreement with experiments performed under dynamic loading conditions. We then employ our model to investigate the influence of frequency and amplitude of dynamic loading and the influence of static deformation. We also generalize our earlier formulation to provide for tissue anisotropy.
Conservation equations
We envisage the soft tissue as consisting of three intrinsically incompressible phases: an inviscid fluid (superscript w, representing the interstitial water), a hyperelastic solid matrix (superscript s, representing the extracellular matrix), and a neutral solute phase (superscript f , representing the nutrients to be transported across the articular surface). It is assumed, therefore, that the mathematical behaviour of the tissue can be characterized by the conservation equations of mixture theory [8] [9] [10] [11] .
Conservation of mass
As interconversion of mass among the components is not permitted, the α component mass conservation equation reads
Alternatively, when taking into account the intrinsic incompressibility of the components of the mixture, we have
For our saturated mixture α φ α = 1, thus summation of Eq. (2.2) over α yields the mixture mass conservation equation
Conservation of linear momentum
For negligible inertia and body force, the mixture momentum equation is
The mixture Cauchy stress T is the sum of the fluid stress T w , the matrix stress T s , and the solute stress T f
We postulate the following stress constitutive equations for the solid matrix and the interstitial fluid:
and
If we now disregard T f on the assumption of negligible solute volume fraction, Eqs. (2.1)-(2.4) yield the mixture momentum equation
In the above equations ρ s is the density of the solid, F is the deformation gradient tensor, W is the strain-energy function (for various isotropies, see [12] ). C = F T F is the right Cauchy-Green deformation tensor for the solid, φ s and φ w is the volume fraction of solid matrix and interstitial fluid, and p is the fluid pressure. For infinitesimal deformation, Eq. (2.8) reduces to
where e is the infinitesimal strain tensor and λ s and µ s are Lame's coefficients. Eq. (2.9) is the first governing equation of the biphasic theory [10] . The momentum equations for the interstitial water and for the neutral solute are:
Here ρ α represent the density, µ α the chemical potential, and v α the velocity for the α component. Inertia and viscous effects have been neglected when writing Eqs. (2.10) and (2.11). It follows from the entropy production inequality that ws , the drag coefficient characterizing matrix-fluid interaction, is a positive definite second-order tensor [13] ; if the pore structure of the tissue is isotropic than ws = π ws I is a scalar multiple of the unit tensor, for anisotropic matrix it is a general tensor. We assume, however, that particle-solid and particle-fluid interactions can be adequately modelled by the scalar coefficients π s f and π w f .
Constitutive equations for the chemical potentials µ w , µ f are those of Mauck et al. [4] 
where the µ α 0 , α = w, f , are the reference potentials for water and solute, R is the universal gas constant, θ is the absolute temperature of the mixture, Φ is the osmotic coefficient, c f is the molar concentration of the solute, γ f is the mean activity coefficient, ρ f T is the true density for the solute and ρ f = φ w c f M f is its apparent density. This last relation follows from the definitions
Here V is the mixture volume and V α , m α , M α , and n α represents the volume, the mass, the mole number, and the number of molecules of the α component. As we have no further interest in c α and M α for α = s, w, we set c ≡ c f , γ ≡ γ f and M ≡ M f in the sequel.
Derivation of the governing equations
Assuming that the solute volume fraction is negligible, φ f 1, we find the velocity of the solid phase from the approximation to Eq. (2.3) as
The volume fractions φ s and φ w are now related through φ s ≈ 1 − φ w for saturated medium; we put φ = φ w and employ only φ throughout the sequel.
The momentum equations
Eq. (2.11) is now recast into
Combining Eqs. (3.2) and (2.10), we obtain the relative velocity between interstitial water and solute as 
On recasting Eq. (3.5) into the form
we easily recognize it as a generalization of Darcy's law, where
is designated the permeability tensor. For γ = Φ = 1, and assuming that π f s = 0, we obtain the second governing equation of the biphasic theory [14] .
By eliminating the relative velocity (v w − v s ) between Eqs. (3.1) and (3.6), we further obtain an expression for the velocity of the solid matrix
The convection/diffusion equation
By substituting for the solute velocity from Eq. (3.3) into Eq. (2.1) for the solute we obtain
Substituting the constitutive Eqs. (2.12) and (2.13) into Eq. (3.10), and utilizing the formulaρ f = φcM, we derive the convection/diffusion equation in anisotropic porous material
If, in analogy with Zhang and Szeri [7] , we now define the diffusion coefficient tensor
Eq. (3.11) then takes the form
On setting γ = 1, π f s = 0 in Eq. (3.13), we recover the classical form of the convection diffusion equation for nonisotropic porous medium [15] φ ∂c ∂t
In summary, our model for neutral particle diffusion in a cartilage undergoing large deformation is defined by the following system of coupled, nonlinear equations
Eqs. (3.16a)-(3.18a) take different form depending on our assumptions on material properties: (a) For Φ = 1 and γ = 1:
(b) For isotropic tissue we put ω = 1/(π w f π f s + π f s π ws + π w f π ws ) so that = ωI and derive the simplified equations
In this case the permeability k, now a scalar, changes with porosity, and indirectly with strain, according to
Eq. (3.19) derived from one-dimensional experiments by Lai and Mow [16] . Here φ 0 is the volume fraction of the interstitial fluid in the undeformed matrix at zero load; in finite deformation it is related to φ through [7] 
For infinitesimal strain det C 1/2 = 1 + tr e. The diffusion coefficient D is related to porosity according to Yasuda et al. [7, 17] 
Computational issues
For ease of computations and due to lack of more general experimental data, our numerical work assumes γ = Φ = 1 and postulates infinitesimal deformation of the soft tissue. In that case then the governing equations for solute transport in isotropic soft tissue reduce to div[− pI + λ s tr(e)I + 2µ s e] = 0 (4.1)
Eq. (4.3) clarifies that two fields are responsible for the flow of interstitial water, the pressure field of the external load and the concentration field of the solute. Of these, the pressure field has the controlling influence. In support of this statement we refer to Ferguson [5] "as in vivo concentration of neutral solutes such as glucose, enzymes and cytokines are several orders of magnitude lower than the concentration of ions, the presence of such solute has no influence on the fluid transport". The work of Urban et al. [18] leads to the same conclusion; the magnitude of neutral solute concentration varies from 10 −3 to 10 −7 M, while, for normal physiological loading, the magnitude of pore pressure is of order 10 6 Pa and the ratio Rθc/ p is of order 10 −3 -10 −7 . Since 0 ≤ π f s /(π f s + π w f ) ≤ 1,
and may be neglected in computation.
It is now our intension to estimate the order of magnitude of π f s /π ws of Eq. (4.4) from experimental data adopted from the literature. Lai and Mow [16] and Lai et al. [19] reported that π ws ≈ (10 15 - 10 Next, we indicate that the ratio of the friction coefficients π s f /π ws is not a constant. For this, we sum Eqs. (2.10) and (2.11), the momentum equations for water and solute, and substitute for the chemical potentials from Eqs. (2.12) and (2.13), to arrive at
Setting γ = Φ = 1, for isotropic tissue Eq. (4.6) simplifies to
Taking the divergence of Eq. (4.7) yields
Eq. (4.9) indicates that the ratio π s f /π ws varies as the Laplacien of the pressure. However, as we were unable to find soft tissue data on this influence of pressure, we assume linear dependence according to
where a 0 and a 1 are material constants (presently, we fix the magnitude of a 0 at 10 −5 -10 −4) . Obviously, Eq. (4.10) cannot be viewed as a constitutive equation for the ratio π s f /π ws ; experimental investigation is needed to determine the exact expression. Spielger [20] proposed to derive the friction coefficients from measurements of phenomenological coefficients of the mixture. We implement our model, consisting of Eqs. (4.1)-(4.5), in the commercial finite element code ABAQUS. The numerical solution of the equations is performed in two steps. First we solve Eqs. (4.1) and (4.2), employing solid consolidation procedure. Second, we solve Eq. (4.4) using the heat transfer procedure in ABAQUS, treating the term
as the heat source.
Model validation
To demonstrate the viability of our model, we compare its theoretical predictions with the experimental data of Quinn et al. [1] . Quinn and co-workers reported on a fluorescence-based method for the observation of solute concentration during desorption in statically and dynamically compressed cartilage explants.
Quinn's experiments were performed on 0.65 mm thick and 2.7 mm diameter cartilage disks, harvested from 18-months old cows. Prior to the experiments, the disks were soaked in a PBS (phosphate buffered saline) bath containing either 3 kDa at 0.75 µM or 40 kDa at 1.5 µM dextrans, conjugated to TMR (tetramethylrhodamine, a fluorescent). After equilibration, the samples were immersed in another PBS bath, large in volume and well agitated to assure zero concentration boundary condition at sample radial edges, and compressed axially, without radial confinement, between impermeable platens. Laser confocal measurements of fluorescence intensity were made, after allowing for 1 h of radial solute desorption under the prescribed loading. Unfortunately, the paper does not list the values of some of the parameters pertinent to the experiments; these needed to be assumed [7] , and are listed in Table 1 . 
Static loading
The pressure distribution becomes uniform as the tissue reaches its equilibrium state under static loading; therefore, the effect of the pressure gradient source term in Eq. (4.4) vanishes. In the static load experiments of Quinn et al. [1] , the tissue was allowed to stress-relax long enough prior to the experiment to minimize the effects of compressioninduced convection. Hence, in accordance with Eq. (3.12), under static loading conditions solute-solid interaction can influence solute transport only through the diffusion coefficient; this effect is shown to be negligible in Fig.1 . Here we recomputed Quinn's static data; our new results are hardly distinguishable from those in [7] , which neglected the interaction between the solute and solid.
Dynamic loading
The dynamic loading condition in Quinn's experiments was 23% offset static strain plus 5% dynamic strain. Fig. 2 shows the normalized desorption concentrationc = c(r, 3600)/c in versus radial distance R − r , obtained with initial value c(r, 0) = c in , r < R. The symbols in Fig. 2 correspond to Quinn's experimental data at the frequency of f = 0.001. The continuous curve is the predictions of the current model. Agreement is satisfactory when the pressure source term of Eq. (4.4) is included in the computations; this is not the case when the pressure term is omitted (dashed curve, from [7] ). Here we attribute the falling off of the data for R − r > 1.0 to systematic experimental error. 
Results and conclusions
We intend to apply our model, Eqs. (4.1)-(4.5) and (4.10), to investigate the effect of the loading conditions, i.e. variation of frequency, amplitude of the dynamic loading and the offset static loading, on the transport of solutes in articular cartilage. The parameters are held fixed during the computations. Suspecting that some of the fitted parameters of the model might be frequency dependent (e.g. the coefficients a 0 and a 1 in the equation for π s f /π ws ) we restrict our study of solute transport to a small neighbourhood of the parameters of Quinn's experiments and indicate only directions of change of performance as input parameters are varied. Fig. 3 shows the variation of concentration distribution, corresponding to a variation of the frequency of dynamic loading. The amplitude of dynamic strain was kept at 5% and the offset static strain at 23% during these computations. Solute concentration is higher when the tissue experiences static loading only, in contrast to when it is loaded dynamically at frequencies between 0.0005 and 0.002 Hz, signifying that solute desorption is facilitated in this frequency range. Fig. 3 also shows that solute transport decreases as the frequency is lowered from 0.001 to 0.0005 Hz. In contrasting to this, solute desorption increases as the frequency is increased from 0.001 to 0.002 Hz. Fig. 4 illustrates the effect the oscillatory amplitude has on solute desorption. We keep the frequency of dynamic loading at 0.001 Hz and the offset static strain as 23% during these computations. There is little effect on solute transport as the dynamic amplitude is decreased to 0.02, compared to solute transport when the tissue is under static loading only. (Interestingly, Sah et al. [21] pointed out that at frequency from 0.0001-0.001, amplitude up to 4% had negligible effect on 3 H-proline and 35 S-sulfate incorporation. 3 H-proline denoted the glycosaminoglycan synthesis, and 35 S-sulfate denoted amino acid uptake and protein synthesis). Fig. 4 also shows that the solute desorption is not affected significantly as we increase the dynamic amplitude from 5% to 6%. 
Effect of frequency of dynamic load

Effect of amplitude of dynamic load
Effect of offset strain
In Fig. 5 , we investigate the effect of variation of offset static strain on solute transport. In the computations, we keep the frequency of dynamic loading at 0.001 Hz, and the dynamic strain at 5%. Fig. 5 shows that there is no significant effect of offset static strain on solute transport in cartilage explants as the offset strain varies from 20% to 25%.
Conclusions
A nonlinear mathematical model for the transport of neutral solutes through soft biological tissue is developed based on mixture theory. The model incorporates the interaction between the solute and solid, identifying the pressure gradient as an additional source term in the diffusion equation. This term is influential for neutral solute transport as the large neutral solute concentration is low in soft tissue. The formulation is capable of simultaneously describing the deformation of anisotropic soft tissue and its nutrient or regulator transport within the tissue. An understanding of these phenomena would provide insights of tissue biosynthesis under physiological environment and help to control the loading condition for the tissue engineered constructs.
